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Abstract 

We present a general description of two mixed branes interactions. For this we 
consider two mixed branes with dimensions pi and p2, in external field B^u and arbi- 
trary gauge fields Aa} and on the world volume of them, in spacetime in which 
some of its directions are compactified on circles with different radii. Some examples 
are considered to clear these general interactions. Finally contribution of the massless 
states on the interactions is extracted. Closed string with mixed boundary conditions 
and boundary state formalism, provide useful tools for calculation of these interactions. 
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1 Introduction 



A way of describing D-branes is boundary state formalism |jl|, ^ ^, ^ ^ . The boundary 
state can be interpreted as a source for a closed string emitted by a D-brane. Thus the 
interaction of two D-branes is viewed as an exchange of closed string states, therefore it is 
computed with a tree level diagram in which two boundary states are connected by means 
of a closed string propagator. 

By introducing back-ground fields B^^, and Aa a U{1) gauge field (which lives in the 
D-brane) in the string cr-model one obtains mixed boundary conditions for string, these 
fields appear in the boundary states and modify the tensions of the branes. Mixed boundary 
state formalism enables us to consider the problems not easily accessible to the canonical 
approach via open strings. 

Mixed boundary conditions have been used for studying properties of D-branes in back- 
ground fields H, H, |10|, |ll|, |13|, 0, |l6l. In Ref.[|l5|,the interaction between Dq and 



Dq branes with back-ground gauge fields has been discussed. In Ref. [p!6| we applied mixed 
boundary conditions for the closed bosonic string and studied the interactions of the branes 
in spacetime with compactification on tori. Inclusion of fermionic degrees of freedom is non 
trivial and requires its own techniques. This is what we take on in this article. 

We use the covariant formalism to extract the boundary states which now involve apart 
from the bosonic and fermionic components, due to the covariance the ghosts and superghosts 
elements. Then we compute the interaction amplitude between two mixed branes with 
arbitrary dimensions pi and p2 and field strengths J-'i and JF2 as a closed string tree level 
diagram. Then we proceed to study the above considerations when certain directions are 
compactified. Finally to elucidate our general computations we apply our results to special 
cases. It is worth emphasizing that part of these special cases are either inaccessible to the 
canonical methods and the other part are very difficult to handle by canonical formulation. 
Among the special cases that will be considered is the parallel m^^ and mpj-branes with the 
same total field strength. The NS (S> NS sector interaction for P2 — Pi = 4: vanishes, also for 
Pi = P2 the total interaction vanishes. Other examples include different internal fields are 
: parallel mi — my , perpendicular mi — my, m2 — mo, parallel m2 — m2', perpendicular 
m2 — m2' and parallel 7/15 — mi branes. They are considered to clear more properties of the 
field strengths and compactification effects on interaction amplitude. Finally contribution 
of the massless states on the amplitude for the NS-NS and R-R sectors separately will be 
obtained. In this article we denote a mixed brane with dimension "p" by notation "mp- 
brane" . 
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2 Boundary state 



First we develop the boundary state formalism for the branes with background gauge fields. 
Deriving the boundary conditions from a a-model action, we turn them in to boundary state 
equations which we will solve in the next subsection. 



2.1 Boundary state equations 



A (T-model action with B^^i, field and two boundary terms corresponding to the two 



pi 



and rripj-branes gauge fields is 
Area' JT, \ 



02 
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where E is the world sheet of closed string exchanged between the branes and {dT,)i and 
{812)2 are two boundaries of the world sheet. The first boundary is at r = and the 
second at r = tq. The two U{1) gauge fields A^^^ and A^^^ live in rup-^ and mpj-branes 
respectively. G {0,ai, ...,0;^^}, this set shows directions along the mp^-brane and {ii} 

show directions perpendicular to it. Likely 0:2, £ {0, /^pa} {^2} for mpj-brane. 
Gnu and Bf^i, are usual back-ground fields. Let Bfj_,^{X) and Gnu{X) be constant fields. 
Variation of this action with respect to X^((T, r) gives the boundary state equations and 
equation of motion of X'^{(t, t). Using the convention e"^ = — = 1, we obtain 



drX^^ + ^^d^X"^ - B^^ ,,d^X^^j _^ I Bl) = 
i6X^%=o\Bl) = , 



{5X%,\Bl)=0 , (2) 



where 



•^(l)ai/3i = da-,A^f^^ - dfj-,A^^^ - Ba^p^ , 

•^(2)a2/32 = '^a2^'jh - 9(}2^a2 ~ ^^2/32 ■ (3) 

The transverse coordinates of the two branes {y\^} and {^2^} are kept fixed i.e 

[X'^ia,r)-y\^l=o\Bl) = , 

[X^'^{a,r)-yl%,\Bl)=0 . (4) 
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These imply d^X^^ (, d„X^^ ) vanish and be dropped from the first (third) equation of (2). 
Solution of the equations of motion of the closed string is 

where is zero for non compact directions. For compact directions we have = N'^R'^ 
and = in which iV^ is the winding number and is the momentum number of 
closed string state, and i?^ is the radius of compactification of X^-direction. Combining the 
solution of the equation of motion and the boundary state equations we obtain 

(p- + l^(-),^L/5^) |S^,ro) = , (6) 

((1 - J^^r ft «^^e-2--° + (1 + J^^r ft «^^ne'^'^"°) I Bl, To) = , (7) 

i^^e-'^-ro _ ^^y^nn.^ I Bl To) = , (8) 

{x'^ + 2a'p'^To-yl')\Bl,To)^0 , (9) 

V^\Blro)^0, (10) 

The boundary conditions on the fermionic degrees of freedom should be imposed on both 
R<^R and NS <^NS sectors. World sheet supersymmetry requires the two sectors to satisfy 
the boundary conditions, 

|5j,r;2,ro) = , (11) 

To 

iilj''+iri2i^%,\Bl,ri2,ro)^0 , (12) 

where 772 = ±1 is the phase used to make GSO projection easily. These states preserve half 
of the world sheet supersymmetry. Expanding the fermions in Fourier modes the boundary 
conditions become 

(^4^ + tV2e'"'^y'^>}j I Bl 7^2, To) = , (13) 
(V'r - iV2Q'^2) ft e'''^°i^%^ I Bl, rj2, Tq) = , (14) 
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where the index k is integer in the R-R sector and half-integer in the NS-NS sector. The 
matrix Q2 is 

g2 = (i-^2)"'(i + ^2) , (15) 

since is antisymmetric , Q2 is an orthogonal matrix. Since we use the covariant formalism 
we shall introduce ghost for the bosonic and fermionic gauge (reparametrization ) degrees of 
freedom. Let the ghost coordinates be fc((7, r) and c((T, r). Vanishing of the variation of the 
ghosts action gives the ghosts boundary conditions. Therefore the ghost modes satisfy the 
following boundary conditions 

(b^ e-^^-r, _ g2inro^ | ^2^^ ^o) = , (16) 

e-^--° + c_„ 6^--°) I To) = , (17) 

where n is non zero integer. The same consideration also determine the boundary conditions 
for superghost coordinates /9,/9,7, 7 

(7^ + ^r|2l-k e'''"°) | 772, tq) = , (18) 

+ ir^^Kk e'^'^°) I B%^, rj2, Tq) = . (19) 
The index k as previous is integer in the R-R sector and half-integer in the NS-NS sector. 

2.2 Solutions of boundary state equations 

To find the boundary states we shall proceed to solve the equations 6-10, 13-14 and 16-19. 
Equations (6-10) have the solution, 

\Blro)^ E \Blroyy\...y^^) , (20) 

{p«2} 



X exp 



2 

00 -j^ 



- E 1 0) n I = = 0) n I p"^) > (21) 



a2 



where the matrix S^^^) v 



^{2) V — (Q(2) 132 ' h) ' (22) 
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and is a constant depending on the tension of m^j-brane |^. The overall factor 



det(l — T2) is expected by the path integral with boundary action |jT3|, |T8|. In (20) the 
summation over {p"^} can change to a sum over winding numbers {A^"^'^} due to the equation 
(6) which implies 



~a2 

P2c 



(23) 



where i^'^" = N^^^R^^" and f32c shows the direction along mpj-brane which is compact. This 
relation implies that the closed string state can have non zero momentum along the world 
brane if there are non zero back-ground internal gauge fields and at least one of the brane 
directions is compact. This relation correlates the momentum of closed string state along 
the brane directions to its winding numbers. For compact directions of the brane, the closed 
string state also has momentum numbers {M'^^"}, therefore when 0:2 in (23) refers to the 
compact directions of brane, we have 



02c 



i^"2c 



(24) 



this is a relation between momentum numbers and winding numbers of a given closed string 
state, more details can be found in where the pure bosonic case is discussed. 
Ghost part of boundary state has the form 



Bqh, ^0) = exp 



m=l 



Co + Co 



q = l)\q=l) 



(25) 



Let us denote the fermionic modes in the R-R sector with d!^ and in the NS-NS sector with 
6^, therefore the fermionic and the superghost parts of the NS-NS sector boundary state in 
the (—1,-1) picture is 



Bl,V2,ro)NS = exp 



r=l/2 



0) 



(26) 



B%h^V2,ro)NS = exp 



Zr]2 E e'''^°{^.J-r-f3-rl-r 
r=l/2 



p 



-1,P = -1) . (27) 



The fermionic and the superghost parts of the R-R sector boundary state in the (—1/2, —3/2) 
picture is 



Bl,r]2,To)R 



det(l - ^"2 



exp 



tV2 E e'^^^^d^.^Sj^Jd': 



m=l 



r2 „ \(0) 

B^,r]2)R , 



(28) 
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Blgh^ V2, ro)R = exp iri2 e^'""""" (7_m/5-m - (3-m7-m) + imioh 



m=l 



-1/2, P = -3/2) 



where the superghost vacuum is in the (—1/2, —3/2) picture and is annihilated by and 
7o [|T5 and | 5^,772)^'' is the fermionic zero mode boundary state. Appearance of the 



determinant in the denominator is the consequence of the path integral over the fermions 
with fermionic boundary term. Comparison of (21) and (28) implies that in the R-R sector 
the normalizing determinant factors of the bosonic boundary determinant and its fermionic 
partner cancel. However this factor remains in the NS-NS sector. 

We now derive the explicit form of | B^, ri2)^^ both in type IIA and type IIB theories. It 
obeys the equations (13) and (14) with = 0, i.e. 

(rf^^+^V^) |i?J,r/2)g^ = , (30) 
(d- - zr/2Q?2) & ) I r^2)f = , (31) 



or in combined form, 



(4-^r/255) A)\B},V2)^R =^ ■ (32) 
The vacuum for the fermionic zero modes (Iq and (Iq can be written as |^ 

\A)\B)= lim S'^(z)S^(z) I 0) , (33) 

z,z— 1-0 

where S"^ and are the spin fields in the 3 2- dimensional Majorana representation. We use 
a chiral representation for the 32 x 32 F- matrices of SO (1,9) as in reference 0. Also the 
action of the Ramond oscillators d!^ and rf^ on the state \ A) \ B) are given in Q, therefore 
we consider solution of (32) of the form (like [0]), 

\Bl,m)^R^=M^Tj\A)\B) , (34) 
therefore the 32 x 32 matrix Ai^'^^^ satisfies the following equation 

(jpt^fj^M _ ^^^^M^ ^TuM^'^'^T" = . (35) 

For this equation we consider a solution with the form 

^ c'F0F'^i...F'^-2 fllMii'jG'a , (36) 
\ l + iri2 J ^ ^ 

where C is the charge conjugation matrix and /5j's show the space directions of the m^j-brane 
world volume. For the case of J^2 = 0, G2 must be equal to the unit matrix, in this case (36) 
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reduces to the equation (2.22) of 0. From (35) and (36) we see that G2 must satisfy the 
equation 



TC2 = ,3 Gar^ , a,/3e{0,A,-JpJ • (37) 
Therefore matrix G2 has the solution with the conventional form 

C^ = ^\(r.).,T'^T^ , (38) 

Indeed one must expand the exponential with the convention that all gamma matrices anti 



commute, therefore there are a finite number of terms. This convention is in Ref. [pT|, |T^. 
For example for mp-brane with p = 1 along X^, p = 2 along {X^,X^) and p = 3 along 
{X^,X'^,X^) directions, respectively we have 

G2 = i + ^(2)oir°ri , (39) 



G2 = i + ^(2)oir°ri + ^(2)02r°r2 + j'^2)i2r'T^ , (40) 
G2 = 1 + -jF(2)Q,/3r"r^ + (^^{2)01-^(2)23 — •^(2)02.^{2)i3 + ^{2)o3-^(2)i2)r°r^r^r^ , (41) 

and a, P = 0, 1, 2, 3. 

This special representation of F-matrices allow us to decompose the spinors in chiral and 
anti-chiral components {A = {a, a)) with sixteen dimensional indices a and a. In the type 
IIA theory p2 is even, therefore Ai^'^^^ is a block-diagonal matrix, whereas in the type IIB 
theory p2 is odd and therefore Ai^'^^^ is in the form of an off diagonal matrix with matrices 
as its elements. Thus in the sixteen-dimensional notation, | 5^,772)^'* becomes 

I T]2)f = M^p I a) -1,2 I /3)-3/2 - ir]2M^p \ d)_i/2 I ^)-3/2 forllA , (42) 



I 5j, 7^2YS = Map I a)-i/2 I /3)-3/2 - iri2M^f, \ a)_i/2 | /3)-3/2 forllB , (43) 
where the matrix Mab has definition 

Mab = I ^"^^ 1 = (CT°F^^..F^-G2)ab . (44) 
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2.3 GSO projection of the boundary state 

For both NS-NS and R-R sectors the complete boundary state can be written as the following 
product 

I B2, r/2, ro)ij,7vs = I Bl, tq) \ 5^^, tq) | r/2, ro)/j,7vs I ^^gh^ V2, ro)R^NS ■ (45) 

The projected boundary state in the NS-NS sector is 

1 _ (-i)F+G 1 _ (-l)F+G 
I B2, ro)NS = I S2, +, ro)Ns , (46) 

where F and G are 

00 00 

F= J2 b-rK . G=-Y. {l-r(3r + f3-rlr) • (47) 
r=l/2 r=l/2 

Similar definitions hold for F and G. Therefore projected state becomes 

\ B2,tq)ns = ]^{\B2,+,To)ms- \B2,-,Ta)Ns) ■ (48) 

In the R-R sector the projection is 

I 52, to)r = y ^ I 52, +, ro)n , (49) 

where p is even for type IIA and odd for type IIB, and 

oo 

(-l)^ = rn(-l)^^-'^-'""™- , ^ = -70/^0- E(7-n^/5m+/3-n^7J ■ (50) 

m=l 

Finally the projected state is 

I B2, to)r = ^(I ^2, +, To)r+ I B2, ro)R ) . (51) 
Equation (48) and (51) are similar to the case in which JF2 = 0. 

3 Mixed branes interaction 

Before calculation of the interaction amplitude, let us introduce some notations for the 
positions of these two mixed branes. The set {i} shows indices for directions perpendicular 
to the both of the branes, {u} for the directions along the both of them, {a'l} for directions 
along rup-^ and perpendicular to the rup^ and {a'2} for directions along nip^ and perpendicular 
to the nip-^ -branes. It can be seen that for example {ii} = {i} U{q^2}' {'^1} — {'"} Ulc^'i}- 
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3.1 The amplitude for the NS-NS sector 



For calculation of the amplitude we need to the conjugate form of the boundary states. In 
the NS-NS sector there are 



(52) 



The two mixed branes simply interact via exchange of closed strings, and the amplitude is 



A^{Bi\D\ B2, To = 0) , 



(54) 



where "D" is closed string propagator and one must use the GSO projected boundary states. 
The NS-NS sector amplitude becomes 



A 



NS-NS 



^"'^"'-a'ddeiil - Ti) det(l - ^2) 



8(27r)<^i 

00 r 

-n 

n=l 



dt 



y'l - y2 I ic^'t 

l_q2n ^2 dct(l + 



l+g2n-i; dct(l - 51S2V") 



1 — q 



2n 



1-g 



2n-l 



'T„2n-l\ 



dGi{l-SiSiq 
det(l - ^i^i^g^n) 

i 

■a' 



X exp[-^r=r=(77„,,, + ^^,) ^T^2) u.. + <5 + ,J]] }55) 



^^(«) .^iV'^^i?'^^ andp^ 



i^^f^) .N^^R"^- Indices 



where g = e^^*. In this formula = i tu 
{mc, Wc, •••} show compact part of {u} , du and di are dimensions of {X"} and {-^'} respec- 
tively. Also {in} and {ic} are non compact part and compact part of {i} region respectively. 
t^" as previous is N^^K^". Note that determinant in the denominators comes from the world 
sheet bosons and in the numerators from the fcrmions. This amplitiidc is symmetric under 
the exchange of the indices "1" and "2", i.e ^iv5(l,2) = ^^^(2,1) as expected. In this 
amplitude we see how the effects of compactification appear. Later we will see that this 
compactification structure will be repeated in the R-R sector. 

The momentum delta functions put severe restrictions on the summation. The term 
corresponding to N'^" — for all Uc, gives — P2 — and is always present. Other terms 
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occur only if the two internal back-ground fields and radii of compactification with some sets 
{A^"-} satisfy the relation E^J-^fi) y^N^'-R''-) = Y^vS^h ^c^"'^"') ^• 
Now suppose there is no compact direction, then (55) simplifies, 



A 



(nc) 

■NS-NS 



T T 

pi P2 „/ 



8(27r) 

OO r 

-n 

n=l 



^a'Ky^det(l - J-i) det(l - J^s) ^ 



OO 

2) / (it 



1-g 



,2?i \ 2 



det(l + 5i52^g 





iT^2n-l\n 




l + g2n-i; det(l-Si52V" 
y det(l - SiSaV""^ 



l_q2n-i) det(l -Si^sV") 
where is the common world volume of the two mixed branes. 



di 



e 4 



(56) 



3.2 The R-R sector amplitude 



In the R-R sector there are 
where A/"*-^^-' is given by 



_y^^(m) = (-i)pic'r°r"i...r"''iG'i 



1 - z?7iri] 

1 + ir]! 



and 



-3/2 P = —1/2 I e*''^^"^""*''^ ^m^i^''''"^™"^'"'^'") 



(57) 



(58) 



(59) 



In calculation of AR-R{rji,rj2) = R{Bi,rji \ D \ B2,rj2)R we see that zero mode contribu- 
tion of the superghost is 



(60) 



m=0 



which for rjirj2 = +1 is divergent, and for rjirj2 = —1 is an alternating sum. This expression 
needs to be regularized to have a meaning. We introduce a special regularization scheme 



similar Ref . . For this we define 



similar to the equation (3.8) of Ref. Also Gq is defined in (50), i.e. Gq = — 7o/?0) therefore 



i? \^sqh->ni I ^ I ^sqh->n2)R 



(0) 



1 - r]ir]2X^ 



(62) 
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For alternating sum (i.e. 771772 = —1) this becomes , and for x = 1 reduces to |. For 
771772 = +1 (i.e. 771 = 772 = 77) is 



n I r^'^o I 7i\^°^ 
R \^sghi '/ I I ^scihi '111 



'sghi '11 R 



1-^2 



(63) 



By an appropriate insertion of /9o,7o,/3o and 70 in the left hand side of (63), projecting it 
out, therefore 



}^,R(Bl^H.ri I x-^^°^°5(/3o - ^7o)<5(^o + ^7o) I Bl^,r^)f = 1 . 



(64) 



This gives a modified partition function for 771 = 772, which is regular. Also zero mode part 
of the fermions becomes 



AT\vum) ^ g\5;,r7i|Sj, 772)g)=Tr(^(^'^)C-W(''^)^C-^) , 



(65) 



this gives 



(66) 



(67) 



where C and C have definition as 



-Ity 

2 



G'iC-^G'^c(r^^2...r^i)(r"^..r' 



PI 



(68) 



C = ^Tr 



G'iC-^G^c(r'^^2...r^i)(r"\..r"^i)r 
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(69) 



With a simple algebra we see that C is symmetric and is antisymmetric under the exchange 
of the indices 1 and 2. To see this we use the (F^)^ = -CF^C"^ , = -C. Also we have 
(C12)* = C21 ^ needs for the symmetry of amphtude. For = T2 = 0, we have C' — 0, 
therefore, with this special regularization scheme C' is purely the effect of the gauge fields. 
Adding all these together we obtain the contribution of zero modes. 



AVn{r]^M = ^ ((1 - '^i^2)C + (1 + ?7i?72)C') 



(70) 



Note that we can write 



C-^GlC = e-"^^^-'-^^''^' , 



(71) 
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with the previous convention for the right hand side. It is worth emphasizing that the right 
hand side is not ^- Therefore the R-R sector amphtude becomes 



An- 



R-R 



T T /"oo 

- ' I dt 



K27r; 



di 



a 




27iRi 



a't 
ia't 



g 4a't l^in^y^ ^2 > 



cn 

n=l 

i 



l + g2n; det(l - 

(1) u,y2 - -^(2) 



t 



2 

(2) 



(72) 



We see that the signs of ( and (' depend on the arrangements of a^'s (and /5j's) in their 
arguments, therefore the R-R forces may be repulsive or attractive due to the brane-brane or 
brane-antibrane interaction. Because of our special regularization, the quantity (' is usually 
zero. Due to their procedure, authors of Ref. |^, have non-zero (' for Do — Dg system. 
Some special configurations have non zero for example consider m2 and mg-branes along 
(X^,X^) and {X^, ...,X^) directions respectively, then 



C = -2Tr GiC-^G[C(P...P)ri 



(73) 



Gi = 1 + jF(i)oir°r^ + jF(i)09r^r^ + j^(i)iqT^t 



0-p9 



^l-p9 



(74) 



therefore 



c ^G^c = 1 — jF(2)oir°r^ + 



C = 32i(^(2)oi - ^(1)01 ) • 



(75) 



(76) 



This result also hold for and m7-branes along [X^ , , X^) and {X^, ...,X'^) directions. 

Comparison of (55) and (72) says that the effects of compactification in Ans~ns and 
in Ar-r are the same. This is due to the fact that upon compactification only bosonic 
contribution is modified. When these results are used in case of parallel mixed branes with 
the same dimension, those terms which contain a[ and disappear. Again return to the 
non compact spacetime, therefore 



A{nc) 



T T 



(27r)* 

oo 

cn 

n=l 



dt 



a't 



1 -g2"x2 det(l + Si52^g 



l + g2n; det(l - Si^sV") 



(77) 
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3.3 A special case 

Now we consider the important example of parallel branes with the same JF. Consider 
two parallel m^^ and m^j-branes which their world-branes are at X^, X^^) and 
(X°, X\ X^i, X^^) respectively with 7 = p2 — Pi > 0. Also consider jF(i) = JF(2) uv = 
Tuv for M,f G {0, 1, and all other components of T2 be zero, therefore orthogonality 

of (5(1) uv{= Q{2) uv) gives 



det(l + S.Sfqn) = (1 + 



(78) 



where Qn = ±9 , ±g . Also equality of the field strengths implies Gi = G2 = G, therefore 



( = -^S^^^Tt{GC-^G^C) = -165^,0 det(l -^) , 



(79) 



the last equality can be investigated for each "pi" individually. For this special configuration 
equality of the field strengths implies (' = 0. Finally the total amplitude A = Ans-ns + 
Ar-r becomes 



A 



8(27r)9-P2 

xne 



Vi 



det(l - J^) 



dtUx — 
a't 



n 

n=l 



l + g2"-i^8-7^ 1 

1 - 



q 



2n-l X 7 



2n 



n 

n=l 



2?i-l X 8—7 / ]^ _|_ (y2n— 1 X 7 



1-g 



2n 



^ 

1 + g 



2n 



16(5. 



7,0 



n(i 



n=l 



1 + q 

1 _|_ g2n. 8-27 



^2n 



t 



X 5: exp[--r^r=(r^„,,, + ^\^^.,J 



(80) 



Therefore the tensions are modified by the factor ydet(l — JF). Apart from the modification 
of the tensions, field strengths JF appear in this interaction amplitude only through the 
compactification effects. The first two terms come from the NS-NS sector, for 7 = p2~Pi = 4 
the NS-NS sector amplitude vanishes. The third term comes from the R-R sector, and show 
that the amplitude of the R-R sector for the branes of different dimensions (7 7^ 0) vanishes. 
For 7 = 0, total amplitude A vanishes (due to the "abstruse identity") so the BPS no force 
condition is satisfied. 

In non-compact spacetime, making a transformation t ^ tx /2t and for Tp = ^/^{'iiT'^a')^^^'''^^'^ 
the last zero amplitude transforms to the known parallel Dp-branes amplitude with the 
expected extra factor. 



A = K+idet(l-^)/ - (87rVt) 

Jo t I 



1 

X- 

2 



-\ / 00 00 

q ^ ra=l n=l 



n=l 

00 

16 n(i 



n=l 
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where q — e'^^ and — y\ — is the separation of the branes. 
3.4 Other examples 

In this part we give the interaction amphtude of the following special systems. In these 
systems back-ground fields and effects of the compactification appear more explicitly. These 
systems are : parallel nii — mi/-branes along X^, mi-brane along perpendicular to mi' 
along X^, mo-brane in front of m2-brane along X^X^, parallel m2 — m2'-branes along X^X^, 
m2-brane along X^X^ perpendicular to m2'-brane along X^X^, rrii-brane along X^ parallel 
to m5-brane along X^...X^ directions. For all these we give the following amplitude 



~ 8(27r)* Jo \\\la't 

r r oo 
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ia't ^ 







X 



n=l 



1+q 



2n-l \ N 



-fin 



■I „2n-l\n 



-n 



n=l 



2n 



-16z H 

n=l 



1 + q 



2nx AT 



7 ^2n\ 



the parameters I4, (ij, /, /', N and z for the above systems are collected in the following table. 



(82) 
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di 
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II 
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JFqi = E 
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I -EE' 
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1-E^ 
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-EE' 
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L 
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^01 = -^1 
JF02 = £"2 

^12 = 5 





1-Ej 
-El + 52 


1 


5 


-B 


2 


2 




(27ri?i)x 
{27rR2)L 
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^01 = -E'l 
J-'02 = E2 

:Fi2 = b 


•^01 = E[ 
•^02 = E2 
T[2 = B' 


+ 52 


-E'i + E'2 
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1 - EiE'^ 
— £'2-E'2 ~l~ BB' 
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^01 = -E-i 

J-'o2 = E2 
^12-5 


•^02 — E2 

•^03 = -^3 
•^23 = 


+ 


-£;^2 ^ 5/2 
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(27rRi)L 
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•^01 = -E'l 
•^02 = -^2 


•^01 = E[ 


I -El 
-El + ^2 


i-£;i2 
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Note that "||" and "_L" stand for the "parallel" and "perpendicular" respectively, and L 
is infinite time length. 

Now we give the functions 9{J^, T' ^ t, R, y) and w{T, , Qn) for these systems, therefore 
more properties of the interaction of these systems will become clear. 
Pcirallel mi-branes 
For this system we have 

r\ OO 

e{E,E',t,Ri) = =^ J2 5[{E-E')mR^/a']e-'^^-'"''^'^' , (83) 

m=— OO 

where Ri is the radius of compactification of X^, therefore V2 = {2nRi)L. Also Q is given 
by the matrix 

( l+E'^ 2E \ 

and Q' has the same form as Q in which E is replaced by E'. We also have, 

w{E,E',qn) ^det{l + qnQQ'^) . (85) 
Note that to get Q'^ from Q', one must use of 

{Q'^r p = {Q')0 " = n'^'^miQ'f a > (86) 

For E = E' we have 

e{E,E,t,R,)^ 03 (0 I , (88) 

therefore through the compactification, fields E = E' appear in the amplitude as in (88) 
(except for the factors ^/1 — E^ in the modification of the tensions). For E = E' the 
amplitude vanishes (due to the abstruse identity). 

Perpendicular rrii-branes 

In this case 

eiE,E',t,Rc.)^l , (89) 
also w{E, E', Qn) — det(l + g„00'^) where Vt and Vt' are 
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2E' 
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-1 







\ 


2E' 







/ 







(91) 



where Q is the same as in (84). After the expansion of the determinant we see that the 
function w{E, E', qn) is symmetric under the exchange of E and E\ as expected, For this 
system z = EE', therefore R-R interaction may be attractive, repulsive or zero, according 
to the signs and values of E and E'. We remind that the function w simplifies to, 



w{E,0,qn) = {l-qnYil + qn) • 

m2 — mo Branes system 

For this system the functions 9 and w are 

9{J^, T' , t, Ra) — 1 , 

w{E^, E2, B, q^) = det(l + ?„gQ'^) , 
where Q and Q! are 3x3 matrices 

n' = diag(l, -1, -1) , 



(92) 



(93) 
(94) 

(95) 



Q = - 



(96) 



^ (l + El + E^ + B^) 2{-E, + E2B) -2{E2 + E,B) \ 

-2{Ei + E2B) {1 + Ef-El-B^) 2{B + E^E^) 
^ 2{-E2 + EiB) 2{-B + E1E2) (1 - Ef + E^ - B^) j 

and / = I—EI—EI+B"^. After the expansion of the determinant we see that w{Ei, E2, B, qn) 
is symmetric under the exchange of the Ei and E2 as expected. Also z = —B says that the 
R-R interaction is attractive for positive J-'i2 = B and is repulsive for negative B, in other 
word R-R force depends on the fact that mo-brane is in what sides of m2-brane. 
Parallel m2-branes 

In this case again we can write the function w as w{J^,J-'',qn) = det(l -|- qnQQ'^), 
where the matrix Q is given in (96). The matrix Q' has exactly the same form of the 
matrix Q with Ei , E2 and B changed to E[ , E'2 and B' respectively. (We remind that 
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Now consider the case where and X^-directions are both compact. Therefore 

3 m=— oo n=— oo ^ ^ 



x5[{B - B')mRi/a']6[{B - B')nR2/a] exp [ - ^ f (1 - EiE[ + BB')m^ 

I Oi \ 

+(1 - E2E'^ + BB')n'^Rl - {E^E'^ + E[E2)mnRiR2^ | , (J 

where V3 = {2tiRi){2'kR2)L is the world vohimc of the m2-branes. We sec that the functions 
w and are symmetric under the exchange of the fields JF and JF', as expected. Specially 
consider E[ = Ei, E2 = E2 and B' = B, which give QQ'^ = 1. Therefore except for the 



factors ^1 — Ef — E2 + B"^ in the modification of the tensions, compactification causes that 
these fields to appear in the amplitude by the equation (97). More specially let E2 = E!^ — 
then 

V na' J \ na' / 

Perpendicular m2-branes 

Consider m2-brane along the {X^,X^) and m2'-brane along {X^,X^) directions, then 
w{J^, T' ^ Qn) — det(l + g„QQ'^), where fl and Q' are 

^=1 Q _° 1 , (99) 



( jr(l + Eq + E'i + B'^) jr{-E!2 + E'^B') -f{E'^ + ^ 

0-10 

-fiE'2 + E',B') j,{l + Eq-E'i-B'') jj{B' + E'2E',) 

V jr{-E', + E'2B') jri-B' + EI^E',) ^,{1 - E'i + E'i - B'^) j 

where Q is given in (96) and /' = 1 — E'^ — E2 + B'^. The function 9 is 



(,100) 



la'] 



e{E2,B,E'2,B\ylylt,R2) = — E - E'2)mR2/ 

m=— 00 

X exp (-mR2{Byl + B'yl) - -(1 - E2E'2 + B^ + B''')m''Rl) ] , (101) 
\a' a' J) 

for E2 7^ E2 we have 9—1, but for E2 — E'2 it is 



TTQ;' 



m5-brane parallel to nii-brane 
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For simplicity consider jFgi = Ei, T02 — E2, J- 12 — B and all other components of J^ap 
be zero, these with J^^^ — E[ give 



w(JP, JP', qn) = (1 - qn f det(l + Qn^l^l'^ , 



(103) 



where Q is the same as Q in (96) and Q' is given by (90) in which E must change to E[. 
The function 9 is 

277- °° 

9{Ei,B,E[,t,R,) = — Yl S[{E,-E[)mR^/a'] 



m=— 00 



X 



exp( - —mRiByl- ^m'^Rlil- EiE[ + B^)] . (104) 
\ a a J 

Note that for E\ ^ E[ it is equal to 1, and for Ei = E[ is given by Jacobi function, 

RiByl it{l - Ef + B^)Rl' 



e{Ei,B,E^,t,Ri) = Q3i - 



(105) 



2'Ka' na' 

For E[ — El and E2 — B — 0, NS-NS interaction vanishes. R-R interaction of this system 
for any T and is always zero. 



3.5 Massless states contribution to the amplitude 

For distant branes only massless states have a considerable contribution on the interaction 
amphtude . As NS-NS sector and R-R sector massless states have zero momentum numbers 
and winding numbers, in equations (55) and (72), only the term with A^"= = ( for all Uc ) 
contributes to these states. In addition we must calculate the following limit 



n 



NS 



1 r °° 
lim -\ TT 



-n 

n=l 



l + q2n-ij det(l-V) 

l_^2n .2 det(l - ,S?2"-^) 



l-q2n-ij det(l-V") 



(106) 



for the NS-NS sector and 



= lim TT 

n=l 



2n 2 



det(l + V) 



l + g2n; det(l-% 



2n^ 



(107) 



for the R-R sector, where g = e ^* and S — SiSj. For a matrix A we have detA — e^^l'""^! 
therefore 



00 / x f 00 

n det(l + g„5') = exp 5: 

n=l ^ ^ it=0 



n=l 



(108) 
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where g„ = g^"' , g^" ^ and S' — ±S, ±1, thus, 

-^o'"^'''^^ = ^^a'KVdet(l - ^i) det(l - T,) [TriS.S^) - 2] 



X 



For the system that was considered in subsection 3.3, and for 7 = 4 this vanishes, meaning 
that the attractive force of graviton and dilaton cancel the repulsive force of Kalb-Ramond 
field. For this case 

T T ( / nr \ '^iri 



AR-R) ^ hih^t^ , c'\a'V H dt 



[vi - y2 1 


ia't ^^ 







8(27r)*''' Jo IVVa't 

(110) 

Again for the system of subsection 3.3, for 7^0 this always is zero. 

For parallel m^-branes ( or anti mp-branes ) with jFi = JF2 = JF in non compact space 
time the total massless states amplitude ( ^0 = ^0^^ + j is 



A = (1 - l)Vp+i2T^G,^p{Y') det(l - ^) , (111) 

where = y\ — y\ and GuiX"^) is the Green's function in D dimension. For Tp = 
y^(47r^a')*^^~^^/^, quantity Aq agrees with the known cases in the literatures with the ex- 
pected extra factor det(l — J-'). 



4 Conclusion 

We explicitly showed that how the total field strength and compactification effects appear 
in the boundary states. A novel feature is to cause closed string states to have a momentum 
along the brane, where the branes are wrapped on the compact directions. 

We obtained the general form of the amplitude for branes with arbitrary dimensions 
Pi,P2 and internal field strengths J^i and for both compact and non-compact spaces. 
The sign of the zero mode part of R-R sector amphtude ( and (' corresponds to the brane- 
brane (antibrane-antibrane) or brane- antibrane interactions. For parallel mixed branes with 
the same total field strength, only in the compactified space the field strength appears in 
the interaction amplitude (except for the factors ^det(l — J^) in the modification of the 
tensions). For this system when P2 — Pi — 4, the NS-NS interaction vanishes, for pi — p2 
total interaction amplitude is zero, so the BPS no force condition is satisfied. 
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